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Pseudo-Direct Solution to the Boundary-Layer
Equations for Separated Flow
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This paper.describes a procedure for the automatic iteration of an inverse boundary-layer technique to a
prescribed pressure distribution in a separated flow. The technique is demonstrated by using the pressure
distributions from two transonic airfoil flows and two externally generated shock-wave/boundary-layer in-
teractions as objective functions of an optimization loop driving an inverse boundary-layer code. The skin
friction and wake centerline velocity distributions computed as a part of the solutions are compared to ex-
perimental data and to solutions of full Navier-Stokes equations. These comparisons indicate that substantial
economies can be obtained by applying methods like the present, in lieu of full Navier-Stokes methods, in zonal
calculation schemes for design purposes. The optimization technique leading to convergence is described in
detail and a table of typical computation time is presented.
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pressure coefficient, 2/yM2
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cross-stream coordinate
angle of attack
boundary-layer pressure-gradient parameter,
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transformed normal coordinate
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a = prescribed boundary condition
T = shear stress
TT = turbulent shear stress

Subscripts
e = boundary-layer edge
/ = rth x point
j =jthy point
k = kth x point in the separation bubble
w = wall conditions

Superscripts
m = iteration number
0 = nominal value

Introduction

IT is commonly agreed that the problem of separating and
reattaching flows is one of the most difficult problems in

computational fluid dynamics. The need for accurate
prediction of flows containing such regions has been further
emphasized recently by the increased interest in transonic
flight. It is also generally accepted that the Navier-Stokes
equations provide the best mathematical description of the
complete flowfield including separation regions. It has been
shown,1'3 however, that for thin-shear layers containing
slender separation bubbles, the boundary-layer equations
provide an adequate description of the flow at far less cost
than Navier-Stokes calculations of comparable accuracy. In
addition to the large amount of computing time required by
Navier-Stokes solutions, storage capabilities on present
computers limit flowfield resolution when practical problems
are considered. As a result of the need for flow solutions
about practical, complex geometries at reasonable cost, the
advantage of solutions using boundary-layer-type ap-
proximations should not be overlooked. A detailed sum-
mation of the status of Navier-Stokes solvers is contained in
Ref. 4.

Substantial progress has been made since Catherall and
Mangier in 1966 in the integration of the boundary-layer
equations through the saddle-type singularity at the
separation point. This has been accomplished by specifying
either the displacement thickness or skin friction, d* (x) or
C f ( x ) , and computing the pressure distribution p(x) as part
of the solution, i.e., inverse calculations. There are, however,
substantial practical disadvantages to inverse calculations if
the coupling to the in viscid flow is neglected, since one must
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specify, as a boundary condition, the ab initio unknown
distribution of a parameter of the solution. The ap-
propriateness of the distribution used is then determined by
matching to experimental data or to an outer flow solution.
Generally, the assumed boundary-layer parameter will not
lead to the external pressure distribution desired, and an
iteration procedure is required by which successive alterations
are made in the first guess of <5* (x) or C f ( x ) until the
''correct" solution is obtained. Such "manual" iteration
techniques have been based largely on a cut-and-try
procedure, a tedious task that relies heavily on the user's
experience and judgment.

In this paper, a fully automated procedure which permits
the calculation of solutions to the boundary-layer equations
for a specified pressure distribution in the presence of a
separation bubble is described. Although the optimization
concept is not limited to producing a desired pressure
distribution, the authors have not yet attempted to implement
the concept in connection with other parameters. This work
arises from the motivation to develop economical, simple to
use, and reasonably accurate engineering calculations for
flowfields containing separation regions. The computational
results, along with typical computational times, demonstrate
that the technique is a significant improvement in the method
of treating separated flows.

Analysis
The present method is composed of two parts: the solution

of the boundary-layer equations referred to as the basic
solution, and a technique to correctly modify the assumed
boundary conditions to meet the desired pressure variation.

Boundary-Layer Solution
The boundary-layer equations are solved in either an in-

verse or direct mode, using the generalized Galerkin
method.5>6 The equations considered are:

Defining a stream function

Continuity:
dpu dpv
dx dy

Momentum:

pu

Energy:

du du dp d / du
— +pv-~ = -— + — (p— +PTTdx dy dx dy \ dy

State:

where turbulent shear

h+ (u212) - constant

p=PRT

(1)

(2)

(3)

(4)

lay
du
~dy

As commonly used in boundary-layer solutions, the Levy-
Lees-Dorodnitsyn transformation is applied to permit the
computational domain to grow in the stream wise direction,
following to some extent the growth of the boundary layer. By
doing so, the physical plane (x,y) is mapped into a com-
putational domain (£,77)

pudy

the first derivative with respect to r; becomes the non-
dimensional longitudinal velocity u/ue. The continuity
equation when combined with the momentum equation and
rewritten in stream-function variables results in the well-
known boundary-layer equation

dtf

(6)

When using the generalized Galerkin method, approximate
functions for the dependent variables must be provided.
Following the technique of Ref. 3, the stream function (/),
the velocity (f^), and the shear (fm) are approximated by
Taylor series between adjacent mesh points in the r; direction,
assuming a constant fourth derivative (/„,,) across the in-
terval (i?,-;i?/+/).

Figure 1 shows a schematic representation of the typical
flow regimes characterizing a separated reattaching flow. The
point of this figure is to illustrate the type-dependent
stream wise difference modules used in the several regions.
The stream wise derivatives are approximated by forward,
backward, or central differencing, depending on the local
value of/^, using the following general difference equation:

^DPfi+u+DCfu+DMf^ (7a)

At nodal points where the local velocity is in the mainstream
direction,/^ >0.01 backward differences are used where:

DP=0, DM= -2
(7b)

Near the zero-velocity line, -0.01 </,,< 0.01, central dif-
ferences are used where:

DP=
l-100f DM=- (1 + lOOf,)

DC= - (DM+DP) (7c)

When the flow is reversed,/< -0.01, forward differencing is
used with the following coefficients:

DC=DP=

Note that in the region of reversed flow, # <x<x.

(7d)

reattach >
the equations are not strictly elliptic but rather parabolic in
opposite directions. That is to say the relevant characteristic
line points downstream for w>0 while it points upstream for
«<0. This condition imposes the need for iterative sweeping
as a solution technique if one wishes to avoid the additional
approximation of ignoring convection in the region of
backflow. The type-dependent differencing used in this region
properly accounts for this change in characteristic direction,
while leaving the strictly downstream parabolic regions un-
changed.

The boundary-layer equation is then integrated with respect
to a unit square-wave weighting function from ryy to vjj+1
resulting in a momentum equation for the strip (^,r;y>7).3

The set of equations contains N— 1 nonlinear algebraic
momentum equations, where N is the number of nodal points
normal to the surface. The Taylor series expansions for the r;
derivatives provide a sequence of 3(7V- 1) additional linear
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Fig. 1 Schematic of streamwise division of computational domain.

Where pm + 1 (x) can be identified with the desired pressure
distribution, and pm (x) is the pressure distribution as
computed at the mth iteration. The incremental change in a
required to force the inverse boundary-layer solution in the
direction of the desired pressure is given by

Aa = -
+ 1 (x)-pm(x)

(dp/da) m (10)

The solution of this equation for ACT can be obtained provided
that the partial derivative of p(x) with respect to a is known
or can be evaluated at each x location. This partial derivative,
i.e., "the sensitivity function/' is evaluated by solving a set of
perturbation equations. These equations are obtained by
differentiating the boundary-layer equation, the Taylor series
expansions, and the boundary conditions with respect to a.7'8
The perturbation of the Taylor expansions are:

c . ̂ 2

algebraic equations. The remaining four equations are im-
posed as boundary conditions.

For attached flow these equations are solved in the direct
mode (i.e., ft (x) known) and the boundary conditions are

at r) =

(8a)

For separated flow the equations are solved in the inverse
mode, and ft (x) is computed as part of the solution subject to
the boundary conditions:

/,='.
at r? = (

or

(8b)

/=0

/, = *„<*)

f« = °

where ar is the shear stress at the wall and ou is the wake
centerline velocity. Note that in the latter case the system of
equations is overdetermined if ft(%) is specified. We avoid
this difficulty by treating /3(£) as the free parameter which is
determined as a part of the solution. Actually, 0(£) is
computed using the momentum equation integrated over the
first strip.

The solution procedure has been modified since the
presentation of the paper in January 1979. At present, the
system of 4N algebraic equations is cast in block tridiagonal
form and solved by L — U decomposition. This provides
nearly an additional factor of ten in speed over the original
computer code.

Correction Loop
When the boundary-layer equations are solved in the in-

verse mode, an additional boundary condition is prescribed.
In general, such a solution will not meet the desired pressure
distribution and a correction loop is needed. In the present
method, the correction loop is based on a Newton-Raphson
iteration procedure. We expand the pressure as a Taylor series
in terms of the additional boundary condition.

(JC) =pm (dp/do) (9)

"1" (Ha)

(llb)

Ar/
"T"

Ar/
jT/a ) j + 1 = (f^a ) j + C/TjTjT/a )j "T" + C/^rja ) j + 1 ~ "

The perturbed-momentum equation is:

(12)

The streamwise derivatives are treated in a way similar to
the basic solution. The boundary conditions for these
equations are

at rj = fa =

and , = / for the boundary-layer
case (13a)

or f =1, f =0 for the wake flow

at T? = r (13b)

Note that the complete set of equations is linear, requiring a
single inversion to obtain the derivatives (fa)j9 (f^a)j,
(/"„„);, and (f^a)j for all j= 1, TV and the perturbation of
the longitudinal pressure gradient fta. Once ft0 is computed,
one can easily evaluate due/da, and the pressure sensitivity
function dp/do follows. The correction of the assumed
boundary conditions is then obtained from Eq. (10), and all
variables are updated. This process is^ repeated until the
desired pressure is obtained. This procedure can be considered
to be a classical optimization technique driving (pm —p°) to
zero.

Method of Solution
The problem of a two-dimensional viscous flow undergoing

separation can be divided into three streamwise zones: 1) the
preseparation region, 2) the separation bubble, and 3) the
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Fig. 2 Solution procedure for attached flow.
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Fig. 3 Solution procedure for separated flow.

post-reattachment region. This structure is convenient to
describe the different types of solutions and the way the
sensitivity function is evaluated. In the preseparation region
the problem is strictly parabolic, so that the iterations on the
boundary conditions, if necessary, may be performed locally
while marching downstream. In the separation bubble the
problem is weakly elliptic, i.e., the upstream effects are small
but not negligible; therefore, an iterative sweeping process
must be used to account for these upstream influences. Also,
the evaluation of the sensitivity functions is affected by this
elliptic nature. In the post-reattachment zone, the problem is
again parabolic and, therefore, suitable for simple local
iteration.

Parabolic Region
Flow regions with negligible upstream influence like the

preseparation boundary-layer flow, the post-reattachment
boundary layer, or the wake flow are referred to as
"parabolic regions.'' Usually when solving such flows the
pressure distribution p° (x) along the surface is known. If an
inverse mode calculation is elected, an additional boundary
condition is specified C f ( x ) for boundary layers or u± (xt)
for wakes to replace the pressure gradient /3(Jt,) at the par-
ticular stream wise station xt.

For the preseparation region, the inverse mode must be
invoked some distance upstream of the separation point in
order to avoid singular behavior. Figure 2 schematically
describes the numerical procedure. The basic solution of the
equations with the prescribed boundary condition will con-
verge to the external quantities pm ( x t ) , u™(xl;), and /3m (xt;)
that are different from the desired/?0 (*,•), u°(xt)9 0°(*,•),
respectively. In this case, the solution enters the optimization
loop computing the amount of change in a needed to obtain
the prescribed p°(xi). Once this value is reached, the com-
putation can be advanced to the next stream wise station. For
cases considered here, three or four iterations of the entire
loop are required.

Elliptic Region
The case for solving the flow in a separated bubble is

somewhat different. The "ellipticity" of the flow causes each
x station to be affected by any change in any of the other
stations. To account for this tight coupling, influence coef-
ficients are introduced. The procedure for solving this elliptic
region is illustrated in Fig. 3. The expansion of the pressure
distribution p(x) in terms of o [Eq. (9)] can be rewritten to
first order as

+ 1(xi)=pm(xi)+ (14)

where dp (xt) /dok may be interpreted as the sensitivity of the
pressure at station xt with respect to a change in the boundary
condition at station xk, and K is the number of streamwise
stations in the bubble. This relation can be written in a matrix
form

^•Aa = AP (15)

where A is a square (KxK) matrix containing all of the
sensitivity derivatives, A a is the correction vector of the
boundary conditions of length (K), and AP is a vector
containing the K differences between the computed pressure
distribution and the desired one. The correction of the
boundary conditions required for the complete bubble is given
by

Aa = ,4-'.AP (16)

Equation (14) is simply the K dimensional generalization of
Eq. (9). The upstream boundary of this region is determined
by inverse boundary-layer solution in the parabolic region,
while the downstream boundary is free to float.

It should be noted here that the influence matrix A is ob-
tained by solving a system of (47V-4) linear equations [Eqs.
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Fig. 4 Comparison of several predictions with experimental data for
an unseparated boundary-layer/shock-wave interaction.
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Fig. 5 Comparison of several predictions with experimental data for
a separated boundary-layer/shock-wave interaction.

(11) and (12)] K2 times. After the adjustment ofok(k=l, K)
and the updating of all the dependent variables, the basic
solution is repeated to check the agreement between the
computed pressure and the prescribed one. For the cases run
thus far, two or three iterations are required to converge to
the prescribed pressure distribution (p(x) /p0) within 0.0005.
When convergence is obtained, the calculation is advanced
downstream, entering the ''parabolic region" of the post-
reattachment zone again.

Results
The present method has been applied to two classes of

flows—a supersonic flow involving the interaction of a
laminar boundary layer and an oblique shock wave on a flat
plate, and a transonic flow over a NACA 64A010 airfoil.
Although the laminar boundary-layer, shock-wave interaction
is not particularly interesting from a practical point of view, it
has become a standard test case for methods which purport to
treat flows having strong viscous-inviscid interaction. As a
result, a large body of computational results exists for
comparison purposes.

Two different laminar boundary-layer, shock-wave in-
teraction flows will be considered: one, where the boundary
layer is attached throughout the interaction, and another,
where the boundary layer separates in the interaction. Sur-
face-pressure and skin-friction distributions for the attached
case are shown in Fig. 4. The experimental data are those of
Hakkinen et al.9 Two different Navier-Stokes solutions10'11

and the present method are compared with the experimental
data. It should be noted that the solution labeled "Mac-
Cormack" (Fig. 4) is not, in fact, that reported in Ref. 11, but
rather a recalculation using MacCormack's code of those
results on a much finer mesh. Both Navier-Stokes solutions
(Fig. 4) yield surface-pressure and skin-friction distributions
which agree with one another, as well as with the experimental
surface-pressure distribution. Further, when the Mac-
Cormack surface-pressure distribution is input into the
present method, a skin-friction distribution that agrees well
with the MacCormack prediction is obtained. All of the
calculations tend to predict a skin-friction distribution that is
lower than the experimental value in the vicinity of the
minimum of that quantity. This disagreement is due to the
experimental technique used to obtain skin friction—a
Preston tube calibrated in a zero pressure-gradient flow.9

Under such circumstances the Preston tube yields high values
of skin friction in an adverse pressure gradient and low values
in a favorable pressure gradient. In the adverse pressure

PRESENT METHOD
2.0 x 10-3 D EXPERIMENTAL DATA. HEF. 9

1.5

P/Pi

QDQQ

.05 .10 .15 .20
*A

.25 .30

Fig. 6 Comparison of the present method with experimental data for
a separated boundary-Iayer/shock-wave interaction using the ex-
perimental pressure distribution.

gradient of this flow, the Preston tube would be expected to
predict a skin friction higher than the true value. This is one
of the very few cases where the authors believe the
calculations to be more accurate than the experiment.

Surface-pressure and skin-friction distributions for the
separated case are shown in Fig. 5. The experimental data
again are due to Hakkinen et al. (see Fig. 6b of Ref. 9). Again,
two different Navier-Stokes solutions11'12 and the present
method are compared with the experimental data. For this
case, both Navier-Stokes solutions produce nearly the same
pressure distribution, but differ somewhat in their predicted
skin-friction distributions. Again, it should be noted that the
MacCormack solution is a recalculation of the results of Ref.
11 on a much finer mesh. When the MacCormack pressure
distribution is input into the present method, a skin-friction
distribution that agrees well with the MacCormack prediction
is obtained. A disturbing feature of these comparisons is the
apparent ability to predict the skin-friction distribution, at
least insofar as defining the limits of the separation bubble.
Yet the methods fail to predict the experimentally observed
surface-pressure distribution, particularly upstream of the
shock impingement. This is all the more puzzling in light of
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Fig. 7 Comparison of locus of u = 0 points from solution of Fig. 6
with nodal configuration of Navier-Stokes and Preston tube height.

the aforementioned inaccuracy of the Preston tube in
measuring skin friction in an adverse pressure gradient and
the accuracy with which surface static pressures can be
determined. This behavior, however, is characteristic of all
the Navier-Stokes solutions for this case with which the
authors are familiar.

In order to investigate this discrepancy, the experimental
pressure distribution was input into the present method. The
intent was to determine a skin-friction distribution consistent
with that pressure distribution within the framework of the
present theory. As can be seen in Fig. 6, the resulting
separation point is substantially upstream of the experimental
value and those indicated by the Navier-Stokes solutions. If
experimental pressure distribution were assumed to be correct
(a reasonable assumption in light of the ease of measuring
surface pressure relative to measuring skin friction), then the
Navier-Stokes solutions would be in error. It should be noted
that the extent of the separation bubble from the present
prediction is in good agreement with the physically based free-
interaction boundary-layer solutions of Ref. 13.

In view of this situation, several questions must be an-
swered:

1) Why do the Navier-Stokes solutions agree with the skin-
friction distribution for the separated flow?

2) Why do these same solutions disagree with the pressure
distribution for the separated flow?

3) Why do all high resolution solutions agree with each
other and with the experimental surface pressure data for the
attached flow and not for the separated flow?

A consistent argument can be proposed based on the
configuration of the zero velocity line. Figure 7 shows the
locus of the points characterized by u = 0, with the elevation
of the Preston tube centerline and the distance from the wall
to the first node in each of the two Navier-Stokes solutions. It
is clear that the smallest scale resolvable by any method,
experimental or numerical can be no smaller than the smallest
scale associated with the method in question. In the case of the
experimental measurement, this scale is the elevation of the
Preston tube centerline, while in the numerical methods this
scale is the local nodal spacing. If the intersection of each of
these elevations with the « = 0 locus were taken to define
separation, the MacCormack solution should predict
separation somewhat upstream of the measured value, and
the King solution somewhat downstream of the measured
value, consistent with the results shown in Fig. 5. In addition,
it is clear that neither the Navier-Stokes solutions nor the
Preston tube can resolve the upstream tail of the separation
bubble, and the upstream displacement effect which produces
the pressure rise cannot be resolved.

1.5

1.4

1.3

1.2

1.1

1.0 _L _i_ J_ _1_
.13 .14 .15 .16 .17 .18 .19

X/L

Fig. 8 Iteration history for solution of Fig.

_I
.20

6.

We can now address the previously stated questions.
1) The Navier-Stokes equations agree with the ex-

perimental skin-friction distribution because the smallest
resolvable scales for both are comparable.

2) The Navier-Stokes solutions do not agree with the ex-
perimental pressure distribution because they cannot resolve
the upstream tail of the separation bubble. Due to this lack of
resolution, part of the displacement effect ahead of shock
impingement was missed.

3) All the methods agree for the unseparated case because
for this case, there are no relevant physical scales in the flow
which are smaller than the Navier-Stokes mesh.

The preceding observations appear to be consistent with all
the facts, but a definitive resolution of the problem will
require a Navier-Stokes solution for the Hakkinen9 case, with
a Aj> in the wall region of the order of 10 ~5 ft, about 1/10 the
Ay of the Navier-Stokes solution shown in Fig. 5.

The authors made an effort to resolve this question by mesh
refinement, using the fast MacCormack algorithm.14 It was
found that the simple introduction of additional nodal points
near the wall caused strongly aphysical behavior, apparently
due to the loss of accuracy introduced by the rapid increase in
Ay away from the wall. Uniform mesh reduction was limited
by machine core storage and computational cost to 28 points
in the fine mesh and, although some variation of the solutions
was apparent, no consistent trends were observed.

Figure 8 shows the iteration history for the present method
for the solution shown in Fig. 7. For this case, four iterations
were required to force the computed pressure vector to be
everywhere within 10 ~3 of the input pressure vector.

The conclusions to be drawn from the foregoing are: 1) for
slender separation bubbles at moderate Mach numbers, the
boundary-layer equations contain all of the relevant physics;
2) the present method, which is fourth-order accurate in the y
direction with a mesh of typically 20-25 points in the boun-
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Fig. 9 Comparison of present method with Navier-Stokes solution
for flow of a transonic airfoil.

dary layer, provides substantially better resolution of the
viscous flow than is practically possible with second-order
accurate Navier-Stokes codes; and 3) the advantages of
modeling such flows with the Navier-Stokes solutions are
open to question in light of the development of this new
method. In addition, if one is concerned with either the in-
terpretation of experimental data or with turbulence
modeling, the present method might prove extremely useful
since the experimental pressure distribution may be imposed
on the calculation.

Having established the numerical and physical accuracy
and the utility of the present method, we turn our attention to
a problem of more practical importance, i.e., transonic flow
over a 64AGIO airfoil. Figure 9 shows the experimental
pressure distribution with predicted skin-friction distribution
on the airfoil and the wake centerline velocity downstream of
the airfoil. For this unseparated case for which M= 0.8, a = 0,
Rec = 2x\Q6, the surface pressure as obtained from the
experiment of Ref. 15, in viscid calculations, and Navier-
Stokes calculations are essentially in agreement. The skin-
friction distribution and wake centerline velocity as obtained
from Deiwert's code16 and the present method are compared
in the lower portion of the figure. The large discrepancy in Cf
near the leading edge is caused by the fact that the present
method was run in the laminar mode up to the location of the
transition strip with instantaneous transition to turbulence at
that point. Quite reasonable agreement is found between the
Navier-Stokes solution and the present method for skin-
friction coefficients on the airfoil and rather poor agreement
in centerline velocity in the wake.

Figure 10 compares a measured and predicted velocity
distribution and turbulent shear-stress distribution 2% of the
chord aft of the trailing edge. The experimental values are
those of Johnson.15 The predicted values were obtained using
Deiwert's code (as presented in Ref. 15) as well as the present
method. It can be seen that the present method, using a simple
mixing-length turbulence model, provides a reasonably good
prediction of both velocity and turbulent shear stress. The
relatively poor performance of the Navier-Stokes calculations

.07
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——— PRESENT SOLUTION

O EXPERIMENTAL DATA, REF. 15
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Fig. 10 Comparison of present method with Navier-Stokes solution
and experimental data flow in the near wake of a transonic airfoil.

for this case is attributed to inadequate resolution of the
boundary layer in the computational mesh. However, the
comparison of Figs. 9 and 10 raises a fundamental question:
1 'If the boundary layer were well resolved in the calculations
of the present method and poorly resolved in the Navier-
Stokes calculation, why do the skin-friction distributions
obtained by the two methods appear to agree so well?" An
examination of the two solutions indicates that in the wall
region, the velocity gradients in the Navier-Stokes solution are
about half of those obtained from the present method, while
the effective viscosity is about twice that of the present
method. The agreement between the two solutions must,
therefore, be regarded as fortuitous.

Figure 11 presents the experimental pressure distribution15

imposed on the present method with the predicted skin-
friction distribution for the 64AGIO airfoil at 6.2 deg in-
cidence, for which catastrophic separation occurs at the shock
wave. Although a Navier-Stokes solution was run for this
case, it is not presented because of large uncertainties
associated with tunnel-wall corrections invoked in the
calculations. As a result, the predicted pressure in the Navier-
Stokes calculation only vaguely resembles the experiment.
Insofar as the skin-friction distribution predicted by the
present method is concerned, we have reasonable confidence
in the predicted values from the leading edge to the separation
point. Downstream of separation, these values are too high
due to inadequacies in the zero equation turbulence model
used.17
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Table 1 CDC 7600 CPU time for the presented calculations

Case study

Hakkinen 6a
Hakkinen 6b

Hakkinen 6b
N AC A 64 AGIO

o; — 0 deg
N AC A 64 AGIO

a = 6. 2 deg

Source of pressure
distribution data

Experiment
Navier-Stokes

solution
Experiment
Experiment/inviscid

Navier-Stokes
Experiment

Total number
of x stations

32
32

32
32

32

Number of
stations in
the bubble

0
10

14
0

4

CDC 7600
CPU time, s

4
27

39
3

6

The efficiency of the present method may be evaluated by
considering the 7600 CPU times given in Table 1 for the flows
considered here. (Note that the machine time required for
solution is a function of the accuracy of the assumed skin-
friction distribution and the number of streamwise stations
within the separated region.)

The success of the method to date brings up some in-
teresting mathematical questions regarding uniqueness of the
solutions obtained. The authors are not prepared, at present,
to offer rigorous demonstrations of uniqueness, but our
experience to date with the method indicates that the only
parameter subject to the goodness of the first guess is the rate
of convergence. This is subject to two conditions: 1) the in-

I
P/Po

PRESENT SOLUTION

O EXPERIMENTAL DATA, REF. 15

7 x T O ' 3

C, 3

2

1

-2

TRANSITION

I i -i
1.0

Fig. 11 Solution of the present method for flow over a transonic
airfoil at 6.2 deg angle of attack.

verse method must be "turned on" upstream of the
separation point, indicated by the first guess of Cf, and 2) the
separation point of the first guess must be selected to occur
upstream of any separation point ultimately predicted. This
latter condition could be eliminated at the cost of some ad-
ditional program logic.

Concluding Remarks
It has been shown that the present method can reproduce

the essential features of the full Navier-Stokes solutions if a
pressure distribution is supplied. The obvious applications of
the method are: 1) in conjunction with an inviscid code, to
produce complete flowfield solutions with no ab-initio
knowledge of the pressure distribution; 2) to optimize tur-
bulence models by comparison with experimental data for
flows with very strong adverse pressure gradients; and 3) to
aid in wind-tunnel data interpretation for transonic flows in
which the correct far-field boundary conditions, required by
Navier-Stokes solutions, are unknown due to wall-
interference effects.

In the case of coupling the present method to an inviscid
outer calculation through a viscous-inviscid interaction
procedure, the present scheme would, conceptually, closely
approach that of Carter.18 It is anticipated that the fourth-
order accuracy of the present method with its rather sparse
nodal array requirements might permit more efficient
computation for the same accuracy.

We should make clear that the present method is still a
boundary-layer method. Despite the fact that we have
overcome the separation-point singularity problem, the
method is applicable only to flows with relatively slender
separation bubbles, for which the basic assumption v/u<\
remains valid.

Finally, it is clear that solutions to the Navier-Stokes
equations, presented in the literature up to this time, should
be re-examined in the light of the very fine mesh spacing
which may be required to resolve physically relevant features
of the flow.

References
1 Klineberg, J. M. and Steger, J. L., "The Numerical Calculation

of Laminar Boundary Layer Separation," NASA TN D-7732, July
1974.

2Carter, J. E. and Wornom, S. F., "Solutions for Incompressible
Separated Boundary Layers Including Viscous-inviscid Interaction in
Aerodynamic Analysis Requiring Advanced Computers," NASA SP
347, 1975, pp. 125-150.

3Murphy, J. D., Presley, L. K., and Rose, W. C., "On the
Calculation of Supersonic Separating and Reattaching Flow,"
AGARD Conference on Flow Separation, AGARD CP 168, Paper 22,
1975.

4Peyret, R. and Viviand, H., "Computation of Viscous Com-
pressible Flows Based on the Navier-Stokes Equations," AGARD-
AG-212, Paris, 1975.

5Murphy, J. D., "Application of the Generalized Galerkin Method
to the Computation of Fluid Flows," Proceedings of the AIAA
Computational Fluid Dynamics Conference, Palm Springs, Calif.,
July 19-20, 1973, pp. 63-68.



AUGUST 1980 BOUNDARY-LAYER EQUATIONS FOR SEPARATED FLOW 891

6Kendall, R. M. and Bartlett, E. P., "Non-Similar Solutions of the
Multicomponent Laminar Boundary Layer by an Integral Matrix
Method," AIAA Paper 67-218, 1967.

7Nachtsheim, P. R. and Swigert, P., "Satisfaction of Asymptotic
Boundary Conditions in Numerical Solutions of Boundary-Layer
Type," NASA TN D-3004, Oct. 1965.

8Rubbert, P. E. and Landahl, M. T., "Solution of the Transonic
Airfoil Problem Through Parametric Differentiation," AIAA
Journal, Vol. 5, March 1967, pp. 470-479.

9Hakkinen, R. J., Greber, I., Trilling, L., and Abarbanel, S. S.,
"The Interaction of an Oblique Shock Wave with a Laminar
Boundary Layer," NASA MEMO 2-18-59W, 1959.

10Messina, N. A., "A Computational Investigation of Shock
Waves, Laminar Boundary Layers and Their Mutual Interaction,"
Ph.D. Thesis, Princeton University, Princeton, N.J., 1977.

11 MacCormack, R. W. and Boldwin, B. S., "A Numerical Method
for Solving the Navier-Stokes Equations with Application to Shock
Boundary-Layer Interactions," AIAA Paper 75-1, San Diego, Calif.,
1975.

12King, L. S., private communication, NASA Ames Research
Center, Nov. 1978.

13Murphy, J. D., "A Critical Evaluation of Analytic Methods for
Predicting Laminar Boundary-Layer Shock-Wave Interaction,"
NASA TN D-7044, 1971.

14MacCormack, R. W., "An Efficient Explicit-Implicit-
Characteristic Method for Solving the Compressible Navier-Stokes
Equations," SIAM-AMSProceedings, Vol. II, 1978, pp. 130-155.

15 Johnson, D. A. and Bachalo, W. D., "Transonic Flow About a
Two-Dimensional Airfoil—Inviscid and Turbulent Flow Properties,"
AIAA Paper 78-1117, Seattle, Wash., 1978.

16Deiwert, G. S., "Computation of Separated Transonic Turbulent
Flows, "AIAA Journal, Vol. 14, June 1976, pp. 735-740.

17Rose, W. C. and Seginer, A., "Calculation of Transonic Flow
Over Supercritical Airfoil Sections," AIAA Paper 77-681,
Albuquerque, N. Mex., 1977.

18Carter, J. E., "A New Boundary-Layer Interaction Technique
for Separated Flows," NASA TM 78690, 1978.

From the AIAA Progress in Astronautics and Aeronautics Series..

AERODYNAMIC HEATING AND
THERMAL PROTECTION SYSTEMS—v. 59

HEAT TRANSFER AND
THERMAL CONTROL SYSTEMS—v. 60

Edited by Leroy S. Fietcher, University of Virginia

The science and technology of heat transfer constitute an established and well-formed discipline. Although one would
expect relatively little change in the heat transfer field in view of its apparent maturity, it so happens that new develop-
ments are taking place rapidly in certain branches of heat transfer as a result of the demands of rocket and spacecraft
design. The established ''textbook" theories of radiation, convection, and conduction simply do not encompass the un-
derstanding required to deal with the advanced problems raised by rocket and spacecraft conditions. Moreover, research
engineers concerned with such problems have discovered that it is necessary to clarify some fundamental processes in the
physics of matter and radiation before acceptable technological solutions can be produced. As a result, these advanced
topics in heat transfer have been given a new name in order to characterize both the fundamental science involved and the
quantitative nature of the investigation. The name is Thermophysics. Any heat transfer engineer who wishes to be able to
cope with advanced problems in heat transfer, in radiation, in convection, or in conduction, whether for spacecraft design
or for any other technical purpose, must acquire some knowledge of this new field.

Volume 59 and Volume 60 of the Series offer a coordinated series of original papers representing some of the latest
developments in the field. In Volume 59, the topics covered are 1) The Aerothermal Environment, particularly
aerodynamic heating combined with radiation exchange and chemical reaction; 2) Plume Radiation, with special reference
to the emissions characteristic of the jet components; and 3) Thermal Protection Systems, especially for intense heating
conditions. Volume 60 is concerned with: 1) Heat Pipes, a widely used but rather intricate means for internal temperature
control; 2) Heat Transfer, especially in complex situations; and 3) Thermal Control Systems, a description of sophisticated
systems designed to control the flow of heat within a vehicle so as to maintain a specified temperature environment.

Volume 59—432pp.,6x 9, illus. $20.00Mem. $35.00List
Volume 60—398pp., 6x9, illus. $20.00Mem. $35.00List

TO ORDER WRITE: Publications Dept., AIAA, 1290 Avenue of the Americas, New York, N.Y. 10019


